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We report on the interesting possibility of instanton-driven gluon saturation in
lepton-nucleon scattering at small Bjorken-x. Our results crucially involve non-
perturbative information from high-quality lattice simulations. The conspicuous,
intrinsic instanton size scale 〈ρ〉 ≈ 0.5 fm, as known from the lattice, turns out to
determine the saturation scale. A central result is the identification of the “colour
glass condensate” with the QCD-sphaleron state.
1. Motivation
1.1. Saturation in the Parton Picture
One of the most important observations from HERA is the strong rise of
the gluon distribution at small Bjorken-x 1. On the one hand, this rise is
predicted by the DGLAP evolution equations2 at high Q2 and thus sup-
ports QCD3. On the other hand, an undamped rise will eventually violate
unitarity. The reason for the latter problem is known to be buried in the
linear nature of the DGLAP- and the BFKL-equations4: For decreasing
Bjorken-x, the number of partons in the proton rises, while their effec-
tive size ∼ 1/Q increases with decreasing Q2. At some characteristic scale
Q2 ≈ Q2s(x), the gluons in the proton start to overlap and so the linear
approximation is no longer applicable; non-linear corrections to the linear
evolution equations5 arise and become significant, potentially taming the
∗Presented at the Ringberg Workshop: New Trends in HERA Physics 2003, Sep. 28 –
Oct. 3, 2003, Ringberg Castle, Rottach-Egern, Germany.
1
2growth of the gluon distribution towards a “saturating” behaviour.
1.2. Instantons and Saturation?
eP -scattering at small Bjorken-x and decreasingQ2 uncovers a novel regime
of QCD, where the coupling αs is (still) small, but the parton densities
are so large that conventional perturbation theory ceases to be applica-
ble. Much interest has recently been generated through association of the
saturation phenomenon with a multiparticle quantum state of high occu-
pation numbers, the “Colour Glass Condensate” that correspondingly, can
be viewed6 as a strong classical colour field ∝ 1/√αs.
Being extended non-perturbative and topologically non-trivial fluctua-
tions of the gluon field, instantons7 (I) are naturally very interesting in the
context of saturation, since
• classical non-perturbative colour fields are physically appropriate;
• the functional form of the instanton gauge fields is explicitely
known and their strength is A
(I)
µ ∝ 1√αs as needed;
• an identification of the “Colour Glass Condensate” with the QCD-
sphaleron state appears very suggestive8,9 (c.f. below and Sec 3.2).
Two arguments in favour of instanton-driven saturation are particularly
worth emphasizing.
We know already from I-perturbation theory that the instanton con-
tribution tends to strongly increase towards the softer regime10,11,12. The
mechanism for the decreasing instanton suppression with increasing energy
is known since a long time13,14: Feeding increasing energy into the scatter-
ing process makes the picture shift from one of tunneling between adjacent
vacua (E ≈ 0) to that of the actual creation of the sphaleron-like, coherent
multi-gluon configuration15 on top of the potential barrier of height10,16
E = msph ∝ 1αsρeff. .
A crucial aspect concerns the I-size ρ. On the one hand it is just a col-
lective coordinate to be integrated over in any observable, with the I-size
distribution D(ρ) = dnI/d
4zdρ as universal weight. On the other hand, ac-
cording to lattice data, D(ρ) turns out to be sharply peaked (Fig. 1 (left))
around 〈ρ〉 ≈ 0.5 fm. Hence instantons represent truly non-perturbative
gluons that bring in naturally an intrinsic size scale 〈ρ〉 of hadronic dimen-
sion. As we shall see, 〈ρ〉 actually determines the saturation scale21,8,9.
Presumably, it is also reflected in the conspicuous geometrization of soft
QCD at high energies22,21,8. For related approaches associating instantons
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Figure 1. (Left) UKQCD lattice data17,18,19 of the (I+I¯)-size distribution for quenched
QCD (nf = 0). Both the sharply defined I-size scale 〈ρ〉 ≈ 0.5 fm and the parameter-
free agreement with I-perturbation theory18,19 (solid line) for ρ<∼ 0.35 fm are apparent.
(Right) γ∗p scattering at small x. The photon fluctuates into a qq¯ dipole interacting
with the proton (top). Generic behaviour of the dipole-proton cross section, as taken
from the GBW-model20(bottom).
with high-energy (diffractive) scattering, see Refs.23,24,25,14. Instantons in
the context of small-x saturation have also been studied recently by Shuryak
and Zahed26, with conclusions differing in part from those of our preceeding
work22,21,8,9. Their main emphasis rests on Wilson loop scattering, and
lattice information was not used in their approach.
In this paper we shall report about our results on the interesting possibil-
ity of instanton-driven saturation at small Bjorken-x. They have been ob-
tained by exploiting crucial non-perturbative information from high-quality
lattice simulations17,18.
2. Setting the Stage
The investigation of saturation becomes most transparent in the familiar
colour-dipole picture27 (cf. Fig. 1 (top right)), notably if analyzed in the
so-called dipole frame28. In this frame, most of the energy is still carried
by the hadron, but the virtual photon is sufficiently energetic, to dissociate
before scattering into a qq¯-pair (a colour dipole), which then scatters off
the hadron. Since the latter is Lorentz-contracted, the dipole sees it as
a colour source of transverse extent, living (essentially) on the light cone.
4This colour field is created by the constituents of the well developed hadron
wave function and – in view of its high intensity, i.e. large occupation
numbers – can be considered as classical. Its strength near saturation is
O(1/√αs). At high energies, the lifetime of the qq-dipole is much larger
than the interaction time between this qq-pair and the hadron and hence, at
small xBj, this gives rise to the familiar factorized expression of the inclusive
photon-proton cross sections,
σL,T (xBj, Q
2) =
∫ 1
0
dz
∫
d2r |ΨL,T (z, r)|2 σDP(r, . . .). (1)
Here, |ΨL,T (z, r)|2 denotes the modulus squared of the (light-cone) wave
function of the virtual photon, calculable in pQCD, and σDP(r, . . .) is the
qq-dipole - nucleon cross section. The variables in Eq. (1) are the trans-
verse (qq)-size r and the photon’s longitudinal momentum fraction z car-
ried by the quark. The dipole cross section is expected to include in gen-
eral the main non-perturbative contributions. For small r, one finds within
pQCD27,29 that σDP vanishes with the area pir
2 of the qq-dipole. Besides
this phenomenon of “colour transparency” for small r = |r|, the dipole cross
section is expected to saturate towards a constant, once the qq-separation
r exceeds a certain saturation scale rs. While there is no direct proof of
the saturation phenomenon, successful models incorporating saturation do
exist20,30 and describe the data efficiently.
Let us outline more precisely the strategy we shall pursue:
The guiding question is: Can background instantons of size ∼ 〈ρ〉 give
rise to a saturating, geometrical form for the dipole cross section,
σ
(I)
DP (r, . . .)
r>∼ 〈ρ〉∼ pi〈ρ〉2 (2)
We have obtained answers from two alternative approaches22,21,8,9:
(1) From I-perturbation theory to saturation: Here, we start from the
large Q2 regime and appropriate cuts such that I-perturbation the-
ory is strictly valid. The corresponding, known results on I-induced
DIS processes31 are then transformed into the colour-dipole picture.
With the crucial help of lattice results, the qq¯-dipole size r is next
carefully increased towards hadronic dimensions. Thanks to the lat-
tice input, IR divergencies are removed and the original cuts are no
longer necessary.
(2) Wilson-loop scattering in an I-background: As a second, com-
plementary approach we have considered the semi-classical, non-
abelian eikonal approximation. It results in the identification of the
5qq¯-dipole with a Wilson loop, scattering in the non-perturbative
colour field of the proton. The field A
(I)
µ ∝ 1√αs due to background
instantons is studied as a concrete example, leading to analytically
calculable results in qualitative agreement with the first approach.
3. From I-Perturbation Theory to Saturation
3.1. The Simplest Process: γ∗ + g
(I)
→ qR + qR
I
I
 I
1
z
z
 I
*
qq
R
R
RR
q
q
g
Proton
rγ
−size
−size
ρ
ρ
k
q
p
=
=
Q2
2kq
ρr, compete
t
q
q 2
x
2 scales
Figure 2. Transcription of the simplest I-induced process into the colour-dipole picture
Let us briefly consider first the simplest I-induced process, γ∗ g ⇒ qRqR,
with one flavour and no final-state gluons (Fig. 2 (left)). More details may
be found in Ref.8. Already this simplest case illustrates transparently that
in the presence of a background instanton, the dipole cross section indeed
saturates with a saturation scale of the order of the average I-size 〈ρ〉.
We start by recalling the results for the total γ∗N cross section within
I-perturbation theory from Ref.31,
σL,T (xBj, Q
2) =
1∫
xBj
dx
x
(xBj
x
)
G
(xBj
x
, µ2
) ∫
dt
dσˆγ
∗g
L,T (x, t,Q
2)
dt
; (3)
dσˆγ
∗g
L
dt
=
pi7
2
e2q
Q2
αem
αs
[
x(1 − x)
√
tu
R(√−t)−R(Q)
t+Q2
− (t↔ u)
] 2
(4)
with a similar expression for dσˆγ
∗ g
T /d t. Here, G
(
xBj, µ
2
)
denotes the gluon
density and L, T refers to longitudinal and transverse photons, respectively.
Note that Eqs. (3), (4) involve the “master” integral R(Q) with dimen-
sion of a length,
R(Q) =
∫ ∞
0
dρ D(ρ)ρ5(Qρ)K1(Qρ). (5)
6In usual I-perturbation theory, the ρ-dependence of the I-size distribution
D(ρ) in Eq.(5) is known32 for sufficiently small ρ,
D(ρ) ≈ DI−pert(ρ) ∝ ρ6− 23nf , (6)
the strong power law increase of which, is well known to generically lead to
(unphysical) IR-divergencies from large-size instantons. However, in DIS
for sufficiently large virtualities Q, the crucial factor (Qρ)K1(Qρ) ∼ e−Qρ
in Eq.(5) exponentially suppresses large size instantons and I-perturbation
theory holds, as shown first in Ref.31.
The effective size R(Q) in Eq.(5) correspondingly plays a central roˆle
in the context of a continuation of our I-perturbative results to smaller Q.
Here, crucial lattice information enters. We recall that the I-size distribu-
tion Dlattice(ρ), asmeasured on the lattice
17,18,19, is strongly peaked around
an average I-size 〈ρ〉 ≈ 0.5 fm (cf. Fig. 1 (left)), while being in excellent,
parameter-free agreement18,19 with I-perturbation theory for ρ<∼ 0.35 fm
(cf. Fig. 1 (left)).
Our general strategy is thus to generally identify D(ρ) = Dlattice(ρ) in
Eq.(5), whence
R(0) =
∫ ∞
0
dρ Dlattice(ρ)ρ
5 ≈ 0.3 fm (7)
becomes finite and a Q2 cut is no longer necessary.
By means of an appropriate change of variables and a subsequent 2d-
Fourier transformation, Eqs. (3), (4) may indeed be cast8 into a colour-
dipole form (1), e.g. (with Qˆ =
√
z (1− z)Q)
(
|ΨL|2 σDP
)(I)
≈ | ΨpQCDL (z, r) | 2
1
αs
xBjG(xBj, µ
2)
pi8
12
(8)
×


∫ ∞
0
dρD(ρ) ρ5


− ddr2
(
2r2
K1(Qˆ
√
r2+ρ2/z)
Qˆ
√
r2+ρ2/z
)
K0(Qˆr)
− (z ↔ 1− z)




2
.
The strong peaking of Dlattice(ρ) around ρ ≈ 〈ρ〉, implies
(|ΨL,T | 2σDP)(I) ⇒


O(1) but exponentially small; r → 0,
| Ψ pQCDL,T | 2 1αs xBjG(xBj, µ2) pi
8
12 R(0)2; r〈ρ〉 >∼ 1.
(9)
Hence, the association of the intrinsic instanton scale 〈ρ〉 with the sat-
uration scale rs becomes apparent from Eqs. (8), (9): σ
(I)
DP (r, . . .) rises
strongly as function of r around rs ≈ 〈ρ〉, and indeed saturates for
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Figure 3. Optical theorem for the I-induced q∗g- subprocess. The incoming, virtual q∗
originates from photon dissociation, γ → q¯ + q∗.
r/〈ρ〉 > 1 towards a constant geometrical limit, proportional to the area
piR(0)2 = pi (∫∞
0
dρDlattice(ρ) ρ
5
)2
, subtended by the instanton. Since
R(0) would be divergent within I-perturbation theory, the information
about D(ρ) from the lattice (Fig. 1 (left)) is crucial for the finiteness of
the result.
3.2. The Realistic Process: γ∗ + g
(I)
→ nf (qR + qR) + gluons
On the one hand, the inclusion of an arbitrary number of final-state gluons
and nf > 1 light flavours causes a significant complication. On the other
hand, it is due to the inclusion of final-state gluons that the identification of
the QCD-sphaleron state with the colour glass condensate has emerged8,9,
with the qualitative “saturation” features of the preceeding subsection re-
maining unchanged. In view of the limited space, let us therefore focus our
main attention in this section to the emerging sphaleron interpretation of
the colour glass condensate.
Most of the I-dynamics resides in I-induced q∗g-subprocesses like
q∗L(q
′) + g(p)
(I)−−→ nf qR + (nf − 1) q¯R + gluons, (10)
with an incoming off-mass-shell quark q∗ originating from photon disso-
ciation, γ → q¯ + q∗. The important kinematical variables are the total
I-subprocess energy E =
√
(q′ + p)2 and the quark virtuality Q′ 2 = −q′ 2.
It is most convenient to account for the arbitrarily many final-state glu-
ons by means of the so-called “II¯-valley method”33. It allows to achieve via
the optical theorem (cf. Fig. 3) an elegant summation over the final-state
gluons in form of an exponentiation, with the effect of the gluons resid-
ing entirely in the II¯-valley interaction −1 ≤ ΩII¯valley(R
2
ρρ¯ +
ρ
ρ¯ +
ρ¯
ρ ;U) ≤ 0,
between I’s and I¯’s. The new collective coordinate Rµ denotes the II¯-
distance 4-vector (cf. Fig. 3), while the matrix U characterizes the II¯ rela-
tive colour orientation. Most importantly, the functional form of ΩII¯valley is
8analytically known34,35 and the limit of I-perturbation theory is attained
for
√
R 2 ≫ √ρρ¯.
The strategy we shall apply, is identical to the one for the “simplest
process” in the previous Sec. 3.1: Starting point is the general form of the
I-induced γ∗N cross section, this time obtained by means of the II¯-valley
method11. By exploiting the optical theorem (cf. Fig. 3), the total q∗g-
cross section is most efficiently evaluated from the imaginary part of the
forward elastic amplitude induced by the II¯-valley background. The next
step is again a variable and 2d-Fourier transformation into the colour-dipole
picture like before.
The dipole cross section σ˜
(I),gluons
DP (l
2, xBj, . . .) before the final 2d-Fourier
transformationa l ↔ r to the dipole size r, arises simply as an energy
integral over the I-induced total q∗g cross section from Ref.11,
σ˜
(I),gluons
DP ≈ xBj
2
G(xBj, µ
2)
∫ Emax
0
dE
E
[
E4
(E2 +Q ′2)Q ′2
σ
(I)
q∗ g
(
E, l2, . . .
)]
,
(11)
involving in turn integrations over the II¯-collective coordinates ρ, ρ¯, U and
the II¯-distance Rµ.
In the softer regime of interest for saturation, we again substitute
D(ρ) = Dlattice(ρ), which enforces ρ ≈ ρ¯ ≈ 〈ρ〉 in the respective ρ, ρ¯-
integrals, while the integral over the II¯-distance R is dominated by a saddle
point,
R
〈ρ〉 ≈ function
(
E
msph
)
; msph ≈ 3pi
4
1
αs 〈ρ〉 = O( few GeV ). (12)
At this point, the mass msph of the QCD-sphaleron
10,16, i.e the barrier
height separating neighboring topologically inequivalent vacua, enters as
the scale for the I-subprocess energy E. The saddle-point dominance of
the R-integration implies a one-to-one relation,
R
〈ρ〉 ⇔
E
msph
; with R = 〈ρ〉 ⇔ E ≈ msph. (13)
Our careful continuation to the saturation regime now involves in addi-
tion to the I-size distribution Dlattice(ρ), crucial lattice information about
the second basic building block of the I-calculus, the II¯-interaction ΩII¯ .
The relevant lattice observable is the distribution of the II¯-distance18,8
aThe 2-dimensional vector l denotes the transverse momentum of the quark with four-
momentum q′
9msph
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Figure 4. (Left) UKQCD lattice data17,18 of the (normalized) II¯-distance distribution
and the corresponding II¯-valley prediction8 displayed versus energy in units of the QCD
sphaleron massmsph. The lattice data provide the first direct evidence that the II¯-valley
approach is adequate right up to E ≈ msph, where the dominant contribution to the
scattering process arises. Beyond this point a marked disagreement rapidly develops.
(Right) The same trend for electroweak B + L-violation is apparent from a completely
independent semiclassical, numerical simulation of the suppression exponent for two-
particle collisions (’Holy Grail’ function) FHG(E)
36,37.
R =
√
R2µ, essentially providing information on
〈
exp[− 4piαsΩII¯ ]
〉
U,ρ,ρ¯
in Eu-
clidean space. Due to the crucial saddle-point relation (12), (13), we may
replace the original variable R/〈ρ〉 by E/msph. A comparison of the re-
spective II¯-valley predictions with the UKQCD lattice data17,18,8 versus
E/msph is displayed in Fig. 4 (left). It reveals the important result that
the II¯-valley approximation is quite reliable up to E ≈ msph. Beyond this
point a marked disagreement rapidly develops: While the lattice data show
a sharp peak at E ≈ msph, the valley prediction continues to rise indefinitely
for E>∼msph! It is most remarkable that an extensive recent and completely
independent semiclassical numerical simulation36 shows precisely the same
trend for electroweak B + L-violation, as displayed in Fig. 4 (right). Also
here, there is an amazing agreement with the valley approximation37 up to
the electroweak sphaleron mass, and a rapid disagreement developing be-
yond. It is again at hand to identify ΩII¯ = ΩII¯lattice for E>∼msph. Then, on
account of Eq. (11), the integral over the I-subprocess energy spectrum in
10
the dipole cross section appears to be dominated by the sphaleron configu-
ration at E ≈ msph. The feature of saturation analogously to the “simplest
process” in Sec. 3.1 then implies the announced identification of the colour
glass condensate with the QCD-sphaleron state.
4. Wilson-Loop Scattering in an I-Background
Let us next turn to our second approach within the colour-dipole picture,
which is still in progress9,38. It is complementary to our previous strategy
of extending the known results of I-perturbation theory towards the satu-
ration regime by means of non-perturbative lattice information. qq¯-dipole
scattering will be described as the scattering of Wilson loops.
We work within the semiclassical, non-abelian eikonal approximation
that is appropriate for the scattering of partons at high energies (s ≫ −t
or small xBj) from a soft colour field Aµ
39. The basic approximation is that
the soft interaction of the partons with the colour field does not change
their direction appreciably, such that they just pick up a non-abelian phase
factor during the scattering. Each phase factor is given by a path-ordered
integral calculated along the classical path of the respective parton,
W (x) = P exp
{
−i gs
∫ +∞
−∞
d λ qµAµ(λ q + x⊥)
}
, with x⊥ · q = 0. (14)
This so-calledWilson line, depends on the 2-dimensional vector x describing
the distance to the proton-photon plane. Correspondingly, qq¯-dipoles lead
to colourless, gauge invariant Wilson loops:
W(r,b;Aµ) = 1
Nc
tr
[
W (b+ r/2)W † (b− r/2)] . (15)
The Wilson loop (15) depends on the transverse size r of the colour dipole
and the transverse distance b between dipole and colour field Aµ. It is
a basic object in the framework of the colour glass condensate language,
where the proton is viewed as a source of the classical field Aµ. Averaging
over possible field configurations (〈. . .〉Aµ) and integrating over the impact
parameter b leads to the total dipole cross section (e.g.40,6),
σDP(r, . . .) = 2
∫
d2b 〈1−W(r,b;Aµ)〉Aµ . (16)
In general, the meaning of the colour glass condensate in the context of
the dipole cross section (16) (cf. also Ref.41) is that of an effective theory,
leading to non-linear evolution equations40,42 for the respective scattering
amplitude.
11
As a first concrete testing ground for the impact of instantons within this
framework, let us identify the classical field Aµ in the dipole cross section
(16) with the known instanton field A
(I)
µ . The functional integration 〈. . .〉Aµ
over the field configurations Aµ is then to be understood as an integration
over the I-collective coordinates, i.e.
Aµ(x)→ A(I)µ (x, ρ, x0); 〈. . .〉Aµ → DA(I)µ → d4x0 dρDlattice(ρ) . (17)
In a first step, one has to calculate the Wilson loop in the I-background,
which can be performed analytically. Subsequently, one has to integrate
over the collective coordinates. Finally, we get a dipole cross section de-
pending on the dipole size r and the size 〈ρ〉 of the instanton in the vacuum,
σ
(I)
DP (r, . . .) ∝ 〈ρ〉2 f
(
r
〈ρ〉
)
. (18)
Like in our first approach (Sec. 3), this dipole cross section turns out to
saturate towards a constant limit proportional to 〈ρ〉2 for r >∼〈ρ〉.
For a more realistic estimate, it is important to notice that one has to
take an II¯-configuration (like the valley field38) in the total cross section
(16). For an estimate of the elastic part of the dipole cross section, one
can take the single I-gauge field and square the resulting dipole scattering-
amplitude. This elastic contribution σ
(I)
DP (r)/σ
(I)
DP (∞), normalized to one for
r →∞, is displayed in Fig. 5 (left) as function of r/〈ρ〉. The importance of
〈ρ〉 in the approach to saturation becomes again apparent. In Fig. 5 (right),
the corresponding impact parameter profile for r = 〈ρ〉, ∞ is displayed.
This simplest estimate of the dipole cross section in an I-background can
certainly not describe the proton in an adequate way, notably due to the
lack of non-trivial proton kinematics. Hence it is not surprising that the
resulting dipole cross section and hence the saturation scale comes out xBj-
independent in this case. Nevertheless, this calculation illustrates once more
the close connection between an ’extended’ classical colour background field
of size 〈ρ〉 and the saturation scale. Taking the instanton solution as an
initial condition for the BK-equations40,42, one could generate the proper
xBj-dependence via the implied evolution.
In order to model the proton more realistically, we have also worked
out38 a generalization to dipole-dipole scattering in an I-background.
The formalism used is analogous to Ref.43 within the stochastic vacuum
approach44. Like in Ref.43, we started with the calculation of the loop-loop
contributions to the dipole-dipole scattering-amplitude, that are dominant
in the large-Nc limit. In this case, the trace in Eq. (15) is taken separately
12
Figure 5. (Left) The elastic contribution to the I-induced dipole cross section
(Right) The corresponding impact parameter profile.
for both dipoles. This leads to consistent results and we observes again
a saturation of the resulting dipole cross section. In Refs.24,25,26 it was
pointed out, however, that the dominant contribution in the high-energy
limit comes from contribution with a colour exchange between the dipoles.
The impact of this contribution for the dipole cross section is presently
under investigation38.
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